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Abstract
In this paper we present the notion of skew Π-Armendariz for the non-commutative
rings known as σ-PBW extensions. This concept generalizes several definitions of
Armendariz rings presented in the literature for these extensions, and in particular,
for Ore extensions of injective type. We investigate the relations between skew Π-
Armendariz, Σ-rigid, (Σ,∆)-skew Armendariz and Σ-skew Armendariz rings rings.
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1 Introduction
In commutative algebra, a ring B is called Armendariz (the term was introduced by Rege
and Chhawchharia in [23]), if whenever polynomials f(x) = a0 + a1x + · · · + anx
n, g(x) =
b0 + b1x + · · · + bmx
m ∈ B[x] such that f(x)g(x) = 0, then aibj = 0, for every i, j. The
interest of this notion lies in its natural and its useful role in understanding the relation
between the annihilators of the ring B and the annihilators of the polynomial ring B[x]. As
a matter of fact, in [2], Lemma 1, Armendariz showed that a reduced ring (a ring has no
nonzero nilpotent elements) always satisfies this condition. In the context of commutative
rings and non-commutative rings, more exactly Ore extensions, several treatments have been
formulated, see [2], [23], [1], [13], [10], [8], [14], [19] (a detailed list of these works can be
found in [21], [28] and [31]).
With the aim of generalizing the results established about Armendariz properties in the
mentioned papers above, in this article we are interested in a class of non-commutative rings
of polynomial type more general than iterated Ore extensions (of injective type), the σ-PBW
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extensions (also known as skew Poincare´-Birkhoff-Witt extensions), introduced in [5] (see [24]
and [16] for a list of non-commutative rings which are σ-PBW extensions but not iterated
Ore extensions). Actually, skew PBW extensions are more general than several families of
non-commutative rings such as the following (see [31] for a detailed reference of every one
of these families): (i) universal enveloping algebras of finite dimensional Lie algebras; (ii)
PBW extensions introduced by Bell and Goodearl; (iii) almost normalizing extensions de-
fined by McConnell and Robson; (iv) solvable polynomial rings introduced by Kandri-Rody
and Weispfenning; (v) diffusion algebras studied by Isaev, Pyatov, and Rittenberg; (vi) 3-
dimensional skew polynomial algebras introduced by Bell and Smith; (vii) the regular graded
algebras studied by Kirkman, Kuzmanovich, and Zhang, and other non-commutative alge-
bras of polynomial type. The importance of skew PBW extensions is that the coefficients
do not necessarily commute with the variables, and these coefficients are not necessarily ele-
ments of fields (see Definition 2.1 below). In fact, the σ-PBW extensions contain well-known
groups of algebras such as some types of G-algebras studied by Levandovskyy and some
PBW algebras defined by Bueso et. al., (both G-algebras and PBW algebras take coeffi-
cients in fields and assume that coefficientes commute with variables), Auslander-Gorenstein
rings, some Calabi-Yau and skew Calabi-Yau algebras, some Artin-Schelter regular algebras,
some Koszul algebras, quantum polynomials, some quantum universal enveloping algebras,
and others (see [24], [16], [35], [30], [36], or [37] for a list of examples). For more details
about the relation between σ-PBW extensions and another algebras with PBW bases, see
[24], [16], [29] and [30].
Since Ore extensions of injective type are particular examples of σ-PBW extensions (see
Example 2.3), and having in mind that several ring, module and homological properties of
these more general rings have been studied by the author and others (see [5], [24], [15], [25],
[32], [31], [27], [29], [30], [31], [32], [36], [37], [34], etc), and of course, several notions of
Armendariz rings for these extensions have been formulated (see [21] and [28]), we consider
relevant to formulate a definition of Armendariz ring which extends the proposals developed
in these two papers. This is the key objective of our Definition 3.1, because using this new
notion, we show that all before treatments are particular cases of the theory developed here,
and hence our results generalize their corresponding assertions in previous papers, including
the assertions concerning Ore extensions. It is important to say that our Definition 3.1 is
motivated by the theory developed by Luang at. al., in [18] for the case of Ore extensions.
The paper is organized as follows: In Section 2 we establish some useful results about
σ-PBW extensions for the rest of the paper. Section 3 contains the central results of the
paper. More exactly, in this section we introduce the notion of skew Π-Armendariz ring
(Definition 3.1) which generalize the notions of Σ-rigid rings ([25], Definition 3.2), (Σ,∆)-
skew Armendariz rings ([21], Definition 3.4), Σ-skew Armendariz rings ([28], Definition 3.1),
assuming a condition of compatibility introduced in [32], Definition 3.2. In this section we
also study the relation of skew Π-Armendariz rings and reversible rings (Theorem 3.10).
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In this way we generalize some of the results presented by Ouyang in [22] concerning Ore
extensions. We conclude with the Remark 3.12 where we express a possible line of research
continuing this work.
Throughout the paper, the word ring means a ring (not necessarily commutative) with
unity. C will denote the field of complex numbers, and the letter k will denote any field.
We recall that a ring B is called reversible, if ab = 0⇒ ba = 0, for every a, b ∈ B, and B is
called semicommutative, if ab = 0 implies aBb = 0, for every a, b ∈ B (note that reversible
implies semicommutative). For a ring B, nil(R) represents the set of nilpotent elements of
B, and P (B) denotes the prime radical of B (the intersection of all prime ideals). B is
called a NI ring, if nil(B) forms an ideal of B (from [17], Lemma 3.1, we know that if B is
a semicommutative ring then the set nil(B) is an ideal of B).
2 Skew PBW extensions
In this section we establish some useful results about skew PBW extensions for the rest of
the paper.
Definition 2.1 ([5], Definition 1). Let R and A be rings. We say that A is a skew PBW
extension (also known as σ-PBW extension) of R, which is denoted by A := σ(R)〈x1, . . . , xn〉,
if the following conditions hold:
(i) R ⊆ A;
(ii) there exist elements x1, . . . , xn ∈ A such that A is a left free R-module, with basis
Mon(A) := {xα = xα11 · · ·x
αn
n | α = (α1, . . . , αn) ∈ N
n}, and x01 · · ·x
0
n := 1 ∈ Mon(A).
(iii) For each 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists an element ci,r ∈ R \ {0} such
that xir − ci,rxi ∈ R.
(iv) For any elements 1 ≤ i, j ≤ n, there exists ci,j ∈ R \ {0} such that xjxi − ci,jxixj ∈
R +Rx1 + · · ·+Rxn.
Proposition 2.2 ([5], Proposition 3). Let A be a skew PBW extension of R. For each
1 ≤ i ≤ n, there exist an injective endomorphism σi : R→ R and an σi-derivation δi : R→ R
such that xir = σi(r)xi + δi(r), for each r ∈ R. From now on, we write Σ := {σ1, . . . , σn},
and ∆ := {δ1, . . . , δn}.
Examples 2.3. If R[x1; σ1, δ1] · · · [xn; σn, δn] is an iterated Ore extension where
• σi is injective, for 1 ≤ i ≤ n;
• σi(r), δi(r) ∈ R, for every r ∈ R and 1 ≤ i ≤ n;
• σj(xi) = cxi + d, for i < j, and c, d ∈ R, where c has a left inverse;
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• δj(xi) ∈ R +Rx1 + · · ·+Rxn, for i < j,
then R[x1; σ1, δ1] · · · [xn; σn, δn] ∼= σ(R)〈x1, . . . , xn〉 ([16], p. 1212). Note that σ-PBW ex-
tensions of endomorphism type are more general than iterated Ore extensions of the form
R[x1; σ1] · · · [xn; σn], and in general, σ-PBW extensions are more general than Ore extensions
of injective type (see [5], [24] or [16] for different examples).
Definition 2.4 ([5], Definition 6). Let A be a skew PBW extension of R. Then:
(i) for α = (α1, . . . , αn) ∈ N
n, σα := σα11 · · ·σ
αn
n , |α| := α1+ · · ·+αn. If β = (β1, . . . , βn) ∈
N
n, then α + β := (α1 + β1, . . . , αn + βn).
(ii) For X = xα ∈ Mon(A), exp(X) := α, deg(X) := |α|, and X0 := 1. The symbol 
will denote a total order defined on Mon(A) (a total order on Nn). For an element
xα ∈ Mon(A), exp(xα) := α ∈ Nn. If xα  xβ but xα 6= xβ , we write xα ≻ xβ. Every
element f ∈ A can be expressed uniquely as f = a0+a1X1+ · · ·+amXm, with ai ∈ R,
and Xm ≻ · · · ≻ X1 (eventually, we will use expressions as f = a0+a1Y1+ · · ·+amYm,
with ai ∈ R, and Ym ≻ · · · ≻ Y1). With this notation, we define lm(f) := Xm, the
leading monomial of f ; lc(f) := am, the leading coefficient of f ; lt(f) := amXm, the
leading term of f ; exp(f) := exp(Xm), the order of f ; and E(f) := {exp(Xi) | 1 ≤
i ≤ t}. Note that deg(f) := max{deg(Xi)}
t
i=1. Finally, if f = 0, then lm(0) := 0,
lc(0) := 0, lt(0) := 0. We also consider X ≻ 0 for any X ∈ Mon(A). For a detailed
description of monomial orders in skew PBW extensions, see [5], Section 3.
Proposition 2.5 ([5], Theorem 7). If A is a polynomial ring with coefficients in R with
respect to the set of indeterminates {x1, . . . , xn}, then A is a skew PBW extension of R if
and only if the following conditions hold:
(i) for each xα ∈ Mon(A) and every 0 6= r ∈ R, there exist unique elements rα := σ
α(r) ∈
R \ {0}, pα,r ∈ A, such that x
αr = rαx
α + pα,r, where pα,r = 0, or deg(pα,r) < |α| if
pα,r 6= 0. If r is left invertible, so is rα.
(ii) For each xα, xβ ∈ Mon(A), there exist unique elements cα,β ∈ R and pα,β ∈ A such that
xαxβ = cα,βx
α+β + pα,β, where cα,β is left invertible, pα,β = 0, or deg(pα,β) < |α+ β| if
pα,β 6= 0.
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Proposition 2.6. If α = (α1, . . . , αn) ∈ N
n and r is an element of R, then
xαr = xα11 x
α2




n r = x
α1

















































































j := idR for 1 ≤ j ≤ n.
Remark 2.7 ([25], Remark 2.10)). About Proposition 2.5, we have the following observation:
Using (i), it follows that for the product aiXibjYj, ifXi := x
αi1
1 · · ·x
αin
n and Yj := x
βj1
1 · · ·x
βjn
n ,
then when we compute every summand of aiXibjYj we obtain products of the coefficient ai
with several evaluations of bj in σ’s and δ’s depending of the coordinates of αi. This assertion
follows from the expression:
aiXibjYj = aiσ
αi(bj)x
αixβj + aipαi1,σαi2i2 (···(σ
αin
in (b)))









































Next, we recall the notion of (Σ,∆)-compatibility for rings.
Definition 2.8 ([32], Definition 3.2). Consider a ring R with a family of endomorphisms Σ
and a family of Σ-derivations ∆. Then,
1. R is said to be Σ-compatible, if for each a, b ∈ R, aσα(b) = 0 if and only if ab = 0, for
every α ∈ Nn;
2. R is said to be ∆-compatible, if for each a, b ∈ R, ab = 0 implies aδβ(b) = 0, for every
β ∈ Nn.
If R is both Σ-compatible and ∆-compatible, R is called (Σ,∆)-compatible.
Examples 2.9. Next, we present remarkable examples of σ-PBW extensions over (Σ,∆)-
compatible rings (see [24], [16] or [33] for a detailed definition and reference of every example).
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(a) If A is a skew PBW extension of a ring R where the coefficients commute with the
variables, that is, xir = rxi, for every r ∈ R and each i = 1, . . . , n, or equivalently,
σi = idR and δi = 0, for every i (these extensions were called constant by the author in
[37]), then it is clear that R is (Σ,∆)-compatible. Some examples of constant σ-PBW
extensions are the following: PBW extensions defined by Bell and Goodearl (which in-
clude the classical commutative polynomial rings, universal enveloping algebra of a Lie
algebra, and others); some operator algebras (for example, the algebra of linear partial
differential operators, the algebra of linear partial shift operators, the algebra of linear
partial difference operators, the algebra of linear partial q-dilation operators, and the
algebra of linear partial q-differential operators); the class of diffusion algebras; Weyl
algebras; additive analogue of the Weyl algebra; multiplicative analogue of the Weyl
algebra; some quantum Weyl algebras as A2(Ja,b); the quantum algebra U
′(so(3, k));
the family of 3-dimensional skew polynomial algebras (there are exactly fifteen of these
algebras, see [29]); Dispin algebra U(osp(1, 2)); Woronowicz algebra Wv(sl(2, k)); the
complex algebra Vq(sl3(C)); q-Heisenberg algebra Hn(q); the Hayashi algebra Wq(J),
and more.
(b) We also encounter examples of σ-PBW extensions (which are not constant) over (Σ,∆)-
compatible rings. Let us see: (i) the quantum planeOq(k
2); the algebra of q-differential
operators Dq,h[x, y]; the mixed algebra Dh; the operator differential rings; the algebra
of differential operators Dq(Sq) on a quantum space Sq, and more.
(c) It is important to say that several algebras of quantum physics can be expressed as skew
PBW extensions (for instance, Weyl algebras, additive and multiplicative analogue of
the Weyl algebra, quantum Weyl algebras, q-Heisenberg algebra, and others), which
allows us to characterize several properties with physical meaning. As Curado et. al.,
say in [4], “algebraic methods have long been applied to the solution of a large number
of quantum physical systems. In the last decades, quantum algebras appeared in the
framework of quantum integrable one-dimensional models and have ever since been
applied to many physical phenomena [...] It was found that it could be generalized
leading to the concept of deformed Heisenberg algebras that have been used in many
areas, as nuclear physics, condensed matter, atomic physics, etc”. With these ideas
in mind, next, we present some remarkable examples of these algebras (the proof that
these algebras are skew PBW extensions can be realized using the theory developed in
[30]) which are (Σ,∆)-compatibles.
(i) The Lie-deformed Heisenberg algebra introduced by Jannussis in [11] is defined
by the commutation relations
qj(1 + iλjk)pk − pk(1− iλjk)qj = iℏδjk
[qj , qk] = [pj, pk] = 0, j, k = 1, 2, 3, (2.1)
where qj , pj are the position and momentum operators, and λjk = λkδjk, with λk
real parameters. If λjk = 0 one recovers the usual Heisenberg algebra.
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(ii) The quantum Weyl algebra introduced by Giaquinto and Zhang in [6] with the
aim of studying the Jordan Hecke symmetry is as a quantization of the usual
second Weyl algebra. By definition, A2(Ja,b) is the k-algebra generated by the
variables x1, x2, ∂1, ∂2, with relations (depending on parameters a, b ∈ k)
x1x2 = x2x1 + ax
2
1, ∂2∂1 = ∂1∂2 + b∂
2
2
∂1x1 = 1 + x1∂1 + ax1∂2, ∂1x2 = −ax1∂1 − abx1∂2 + x2∂1 + bx2∂2
∂2x1 = x1∂2, ∂2x2 = 1− bx1∂2 + x2∂2. (2.2)
Over any field k, if a = b = 0, then A2(J0,0) ∼= A2, the usual second Weyl algebra.
(iii) With the purpose of obtaining bosonic representations of the Drinfield-Jimbo
quantum algebras, Hayashi considered in [7] the algebra U. Let us see its con-
struction (we follow [3], Example 2.7.7). Let U be the algebra generated by the
indeterminates ω1, . . . , ωn, ψ1, . . . , ψn, ψ
∗
1, . . . , ψ
∗
n, with the relations



















j = 0, 1 ≤ i, j ≤ n,
ψ∗i ψi − q
2ψiψ
∗
i = − q
2ω2i , q ∈ C 1 ≤ i ≤ n.
(2.3)
(iv) Jannussis et. al., [12] studied the non-Hermitian realization of a Lie deformed, a
non-canonical Heisenberg algebra, considering the case of operators Aj , Bk which
are non-Hermitian (i.e., ℏ = 1)
Aj(1 + iλjk)Bk − Bk(1− iλjk)Aj = iδjk
[Aj , Bk] = 0 (j 6= k)
[Aj , Ak] = [Bj, Bk] = 0, (2.4)
and,









k ] = 0 (j 6= k),
[A+j , A
+




k ] = 0 (2.5)
where Aj 6= A
+
j , Bk 6= B
+
k (j, k = 1, 2, 3). If the operators Aj , Bk are in the
form Aj = fj(Nj+1)aj, Bk = a
+
k fk(Nk+1), where aj , a
+
j are leader operators of
the usual Heisenberg-Weyl algebra, with Nj the corresponding number operator
(Nj = a
+
j aj , Nj | nj〉 = nj |nj〉), and the structure functions fj(Nj + 1) complex,






[(1− iλj)/(1 + iλj)]
Nj+1 − 1












[(1− iλk)/(1 + iλk)]
Nk+1 − 1







With the aim of establishing the key results of the paper, we recall the following preli-
minary results about (Σ,∆)-compatible rings.
Proposition 2.10 ([32], Proposition 3.7). Let R be an (Σ,∆)-compatible ring. For every
a, b ∈ R, we have the following assertions:
(i) if ab = 0, then aσθ(b) = σθ(a)b = 0, for each θ ∈ Nn.
(ii) If σβ(a)b = 0 for some β ∈ Nn, then ab = 0.
(iii) If ab = 0, then σθ(a)δβ(b) = δβ(a)σθ(b) = 0, for every θ, β ∈ Nn.
The next theorem generalizes [22], Proposition 3.6. We need to assume that the elements
ci,j of Definition 2.1 (iv) are central in R.
Theorem 2.11. If A is a σ-PBW extension of a reversible and (Σ,∆)-compatible ring R,
then for every element f =
∑m
i=0 aiXi ∈ A, f ∈ nil(A) if and only if ai ∈ nil(R), for each
1 ≤ i ≤ m.
Proof. Let f ∈ A given as above and suppose that f ∈ nil(A) (consider X1 ≺ X2 ≺ · · · ≺
Xm). Consider the notation established in Proposition 2.5. There exists a positive integer k
such that fk = (a0 + a1X1 + · · ·+ amXm)
k = 0. As an illustration, note that
f 2 = (amXm + · · ·+ a1X1 + a0)(amXm + · · ·+ a1X1 + a0)
= amXmamXm + other terms less than exp(Xm)
= am[σ
αm(am)Xm + pαm,am ]Xm + other terms less than exp(Xm)
= amσ
αm(am)XmXm + ampαm,amXm + other terms less than exp(Xm)
= amσ
αm(am)[cαm,αmx
2αm + pαm,αm ] + ampαm,amXm + other terms less than exp(Xm)
= amσ
αm(am)cαm,αmx
2αm + other terms less than exp(x2αm),
and hence,
f 3 = (amσ
αm(am)cαm,αmx
2αm + other terms less than exp(x2αm))(amXm + · · ·+ a1x1 + a0)
= amσ
αm(am)cαm,αmx



















3αm + other terms less than exp(x3αm).





kαm + other terms less than exp(xkαm),
8
whence 0 = lc(fk) = am
∏k−1
l=1 σ
lαm(am)clαm,αm , and since the elements c’s are central in R




Σ-compatibility of R, we obtain am ∈ nil(R).
Now, since
fk = ((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm)
k
= ((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm)((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm)
· · · ((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm) (k times)
= [(a0 + a1X1 + · · ·+ am−1Xm−1)
2 + (a0 + a1X1 + · · ·+ am−1Xm−1)amXm
+ amXm(a0 + a1X1 + · · ·+ am−1Xm−1) + amXmamXm]
· · · ((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm)
= (a0 + a1X1 + · · ·+ am−1Xm−1)
k + h,
where h is an element of A which involves products of monomials with the term amXm on
the left and the right, by Proposition 2.6, Remark 2.7 and having in mind that am ∈ nil(R),
which is an ideal of R (remember that reversible implies semicommutative), the expression
for fk reduces to fk = (a0 + a1X1 + · · ·+ am−1Xm−1)
k. Using a similar reasoning as above,





kαm−1 + other terms less than exp(xkαm−1).
Hence lc(fk) = am−1
∏k−1
l=1 σ
lαm−1(am−1)clαm−1,αm−1 , and so am−1 ∈ nil(R). If we repeat this
argument, it follows that ai ∈ nil(R), for 0 ≤ i ≤ m.
Conversely, suppose that ai ∈ nil(R), for every i. If ki is the minimum integer positive
such that akii = 0, for every i, let k := max{ki | 1 ≤ i ≤ n}. It is clear that a
k
i = 0, for all
i. Let us prove that f (m+1)k+1 = 0, and hence, f ∈ nil(A). Since the expression for f have
m+ 1 terms, when we realize the product f (m+1)k+1 we have sums of products of the form
ai,1Xi,1ai,2Xi,2 · · · ai,(m+1)kXi,(m+1)kai,(m+1)k+1Xi,(m+1)k+1. (2.6)
Note that there are exactly (m+1)(m+1)k+1 products of the form (2.6). Now, since when we
compute f (m+1)k+1 every product as (2.6) involves at least k elements ai, for some i, then
every one of these products is equal to zero by Proposition 2.6, Remark 2.7 and the (Σ,∆)-
compatibility of R (more exactly, Proposition 2.10). In this way, every term of f (m+1)k+1 is
equal to zero, and hence f ∈ nil(A).
3 Skew Π-Armendariz rings
In [18], Definition 2.1, Lunqun et. al., introduced the notion of skew pi-Armendariz ring in
the following way: let B be a ring with an endomorphism α and an α-derivation δ. B is
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called a skew pi-Armendariz ring, if for polynomials f(x) =
∑m
i=0 aix
i and g(x) =
∑n
j=0 bjxj
in B[x;α, δ], f(x)g(x) ∈ nil(B[x;α, δ]) implies aibj ∈ nil(B), for each 0 ≤ i ≤ m and
0 ≤ j ≤ n. Of course, every α-Armendariz ring defined by Hong et. al., [9] is skew pi-
Armendariz considering δ as the zero derivation. If B is a ring with an endomorphism α
and an α-derivation δ, following Moussavi and Hashemi [20], B is said to be a (α, δ)-skew
Armendariz ring, if for polynomials f(x) =
∑m
i=0 aixi and g(x) =
∑t
j=0 in the Ore extension
B[x;α, δ], f(x)g(x) = 0 implies aix
ibjx
j = 0, for each i, j. In [18], Theorem 2.6, it was
proved that skew pi-Armendariz rings are more general than skew Armendariz rings when
the ring of coefficients B is (α, δ)-compatible.
With the aim of extending the above definition for the context of σ-PBW extensions,
next we present the following notion:
Definition 3.1. Let A be a σ-PBW extension of a ring R. R is called a skew-Π Armendariz
ring, if for elements f =
∑m
i=0 aiXi, g =
∑t
j=0 bjYj of A, fg ∈ nil(A) implies that aibj ∈
nil(R), for every 0 ≤ i ≤ m and 0 ≤ j ≤ t.
Now, since in [21], Definition 3.4 (see Definition 3.2 below), the author introduced the
notion of (Σ,∆)-skew Armendariz over σ-PBW extensions (this definition generalizes the
treatments developed for both classical polynomial rings and Ore extensions of injective
type (for example [2], [23], [1], [8], [19]), the natural purpose is to establish the version of
[18], Theorem 2.6 for the general case of σ-PBW extensions over (Σ,∆)-skew Armendariz
rings. This result is formulated in Proposition 3.3.
Definition 3.2 ([21], Definition 3.4). If A is a σ-PBW extension of a ring R, then R is
called a (Σ,∆)-skew Armendariz ring, if whenever f =
∑t
i=0 aiXi, g =
∑s
j=0 bjYj ∈ A with
fg = 0, then aiXibjYj = 0, for every value of i and j.
The next proposition establishes that (Σ,∆)-skew Armendariz which are Σ-compatible
are skew Π-Armendariz. We assume that the elements ci,j of Definition 2.1 (iv) are central
in R.
Proposition 3.3. Let A be a σ-PBW extension of a ring R. If R is Σ-compatible and
(Σ,∆)-skew Armendariz ring, then R is skew Π-Armendariz.
Proof. First of all, let us prove that if we have p1, . . . , pl elements of A with p1 · · · pl = 0, then
if ak ∈ Cpk , for k = 1, . . . , l, we have a1 · · · al = 0. We proceed by induction following the
notation considered in Proposition 2.5. If l = 2, let p1 =
∑m
i=0 aiXi, p2 =
∑t
j=0 bjYj. By as-









αi(bj)pαi,βj + aipαi,bjYj, we obtain lc(aiXibjYj) = aiσ
αi(bj) = 0, for each i, j (using that
the elements cαi,βj are central in R). By the Σ-compatibility of R, aibj = 0, for every value
of i and j, so the assertion follows.
Second of all, let l > 2. If h := p2p3 · · · pl, then p1h = 0, and by the reasoning above,
a1ah = 0, where a1 ∈ Cp1, ah ∈ Ch. Having in mind the form of the elements of h, that is,
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ah = a2 · · · al, where a2 ∈ Cf2, . . . , al ∈ Cfl (which is due to the fact that R is (Σ,∆)-skew
Armendariz and Σ-compatible), then we obtain a1 · · · al = 0.
Finally, if we have two elements f, g ∈ A given by f =
∑t
i=0 aiXi and g =
∑s
j=0 bjYj with
fg ∈ nil(A), then there exists a positive integer r with (fg)r = 0 whence by the analysis
above, aibj ∈ nil(R), for i = 1, . . . , t, j = 1, . . . , s, and hence R is skew Π-Armendariz.
A more general notion than (Σ,∆)-skew Armendariz ring it was formulated in [26],
Definition 3.1. More exactly,
Definition 3.4 ([28], Definition 3.1). Let A be a skew PBW extension of a ring R. R is
called a Σ-skew Armendariz ring, if for elements f =
∑m
i=0 aiXi and g =
∑t
j=0 bjYj in A, the
equality fg = 0 implies aiσ
αi(bj) = 0, for all 0 ≤ i ≤ m and 0 ≤ j ≤ t, where αi = exp(Xi).
We can extend the result established in Proposition 3.3 to Σ-skew Armendariz rings
(again, we assume that the elements ci,j of Definition 2.1 (iv) are central in R):
Proposition 3.5. Let A be a σ-PBW extension of a ring R with a family of endomorphisms
Σ = {σ1, . . . , σn} and a family of Σ-derivations ∆ = {δ1, . . . , δn}. If R is Σ-compatible and
Σ-skew Armendariz ring, then R is skew Π-Armendariz.
Proof. Let us prove that if we have p1, . . . , pl elements of A with p1 · · · pl = 0, then if
ak ∈ Cpk , for k = 1, . . . , l, we have a1 · · ·al = 0. We proceed by induction. If l = 2, let
p1 =
∑m
i=0 aiXi, p2 =
∑t
j=0 bjYj. By assumption we have aiσ
αi(bj) = 0, for every i, j, and
by the Σ-compatibility of R, aibj = 0, for every value of i and j. The rest of the proof is
completely similar to the presented in Proposition 3.3.
Remark 3.6. Recently, in [31], Definition 4.1, it was introduced the notion of skew Armen-
dariz ring which is more general than both (Σ,∆)-skew Armendariz and Σ-skew Armendariz.
More precisely, if R is a ring and A is a σ-PBW extension of R, we say that R is a skew-
Armendariz ring, if for polynomials f = a0+a1X1+ · · ·+amXm and g = b0+b1Y1+ · · ·+btYt
in A, fg = 0 implies a0bk = 0, for each 0 ≤ k ≤ t. We believe that the following assertion is
true: if A is a σ-PBW extension of a ring R with a family of endomorphisms Σ = {σ1, . . . , σn}
and a family of Σ-derivations ∆ = {δ1, . . . , δn}, where R is (Σ,∆)-compatible and skew Ar-
mendariz, then R is skew Π-Armendariz. In a forthcoming paper we will investigate this
conjecture.
Next, we present some results concerning NI rings and its relation with skew Π-Armen-
dariz rings. We denote nil(R)A := {f ∈ A | f = a0 + a1X1 + · · ·+ amXm, ai ∈ nil(R)}. We
start with the following two useful results which can be considered as the analogous results
to [22], Lemma 3.4 and Lemma 3.5, respectively.
Lemma 3.7. If ab ∈ nil(R), where R is a (Σ,∆)-compatible and reversible ring, then
aσα(δβ(b)) and aδβ(σα(b)) are elements of nil(R).
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Proof. By assumption there exists a positive integer k such that (ab)k = 0. Consider the
following equalities:
(ab)k = abab · · · ababab (k times)
= abab · · · ababaσα(δβ(b)) (Proposition 2.10 (iii))
= aσα(δβ(b))ababab · · · abab (R is reversible)
= aσα(δβ(b))abab · · · abaσα(δβ(b)) (Proposition 2.10 (iii))
= aσα(δβ(b))aσα(δβ(b))abab · · · ab (R is reversible)
Following this procedure we guarantee that the element aσα(δβ(b)) belongs to nil(R). For
the element aδβ(σα(b)) the reasoning is completely similar.
Remark 3.8. In [18], Lemma 2.3 (2) there is a little mistake. There it was omitted the
condition of reversibility of the ring as we can appreciate in the original reference [22], Lemma
3.4.
Lemma 3.9. If R is a (Σ,∆)-compatible ring, then aσθ(b) ∈ nil(R) implies ab ∈ nil(R), for
every θ ∈ Nn.
Proof. Since aσθ(b) ∈ nil(R), there exists a positive integer k with (aσθ(b))k = 0. We have
the following assertions
(aσθ(b))k = aσθ(b)aσθ(b) · · ·aσθ(b)aσθ(b) (k times)
= aσθ(b)aσθ(b) · · ·aσθ(b)ab (Definition of Σ− compatibility)
= aσθ(b)aσθ(b) · · ·aσθ(b)σθ(ab) (Proposition 2.10 (i))
= aσθ(b)aσθ(b) · · ·aσθ(bab) (σθ is an endomorphism of R)
= aσθ(b)aσθ(b) · · ·abab (Definition of Σ− compatibility)
If we continue in this way, we can see that the element ab ∈ nil(R), which concludes the
proof.
Theorem 3.10. Let A be a skew PBW extension of R. If R is (Σ,∆)-compatible and
reversible, then R is skew Π-Armendariz.
Proof. First of all, let us show that ifR is a (Σ,∆)-compatible NI ring, then nil(A) ⊆ nil(R)A.
Consider an element f ∈ nil(A) given by the expression f = a0 + a1X1 + · · ·+ amXm, with
X1 ≺ X2 ≺ · · · ≺ Xm. Then, there exists a positive integer k with f
k = 0. As an illustration,
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note that
f 2 = (amXm + · · ·+ a1x1 + a0)(amXm + · · ·+ a1x1 + a0)
= amXmamXm + other terms less than exp(Xm)
= am[σ
αm(am)Xm + pαm,am ]Xm + other terms less than exp(Xm)
= amσ
αm(am)XmXm + ampαm,amXm + other terms less than exp(Xm)
= amσ
αm(am)[cαm,αmx
2αm + pαm,αm ] + ampαm,amXm + other terms less than exp(Xm)
= amσ
αm(am)cαm,αmx
2αm + other terms less than exp(x2αm),
and hence,
f 3 = (amσ
αm(am)cαm,αmx
2αm + other terms less than exp(x2αm))(amXm + · · ·+ a1x1 + a0)
= amσ
αm(am)cαm,αmx



















3αm + other terms less than exp(x3αm).





kαm + other terms less than exp(xkαm),
whence 0 = lc(fk) = am
∏k−1
l=1 σ
lαm(am)clαm,αm , and since the elements c’s are central in R




Σ-compatibility of R, we obtain am ∈ nil(R).
Now, since
fk = ((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm)
k
= ((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm)((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm)
· · · ((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm) k times
= [(a0 + a1X1 + · · ·+ am−1Xm−1)
2 + (a0 + a1X1 + · · ·+ am−1Xm−1)amXm
+ amXm(a0 + a1X1 + · · ·+ am−1Xm−1) + amXmamXm]
· · · ((a0 + a1X1 + · · ·+ am−1Xm−1) + amXm)
= (a0 + a1X1 + · · ·+ am−1Xm−1)
k + h,
where h is an element of A which involves products of monomials with the term amXm on the
left and the right. From Proposition 2.6, Remark 2.7 and having in mind that am ∈ nil(R)
which is an ideal of R (R is reversible and hence a NI ring), the expression for fk reduces to
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fk = (a0 + a1X1 + · · ·+ am−1Xm−1)






kαm−1 + other terms less than exp(xkαm−1).
Hence lc(fk) = am−1
∏k−1
l=1 σ
lαm−1(am−1)clαm−1,αm−1 , and so am−1 ∈ nil(R). If we repeat this
argument, then ai ∈ nil(R), for 0 ≤ i ≤ m.
Finally, let us prove that R is skew Π-Armendariz. Consider two elements f, g ∈ A given
by f =
∑m
i=0 aiXi and g =
∑t








∈ nil(A) ⊆ nil(R)A,
and lc(fg) = amσ
αm(bt)cαm,βt ∈ nil(R). Since the elements ci,j are in the center of R, then
cαm,βt are also in the center of R, whence amσ
αm(bt) ∈ nil(R), and by Lemma 3.9 it follows
that ambt ∈ nil(R). The idea is to prove that apbq ∈ nil(R), for p + q ≥ 0. We proceed by
induction. Suppose that apbq ∈ nil(R), for p+q = m+t,m+t−1, m+t−2, . . . , k+1, for some
k > 0. By Lemma 3.7, we obtain apXpbqYq ∈ nil(R)A for these values of p+q. In this way, it
is sufficient to consider the sum of the products auXubvYv, where u+v = k, k−1, k−2, . . . , 0.
Fix u and v. Consider the sum of all terms of fg having exponent αu + βv. By Proposition
2.6, Remark 2.7 and the assumption fg ∈ nil(A), we know that the sum of all coefficients of






αu′ (σ′s and δ′s evaluated in bv′)cαu′ ,βv′ ∈ nil(R). (3.1)
As we suppose above, apbq ∈ nil(R) for p + q = m + t,m + t − 1, . . . , k + 1, so Lemma 3.7
guarantees that the product ap(σ
′s and δ′s evaluated in bq), for any order of σ
′s and δ′s, is
an element of nil(R). Since R is reversible, then (σ′s and δ′s evaluated in bq)ap ∈ nil(R). In
this way, multiplying (3.1) on the right by ak, and using the fact that the elements c’s are






αu′ (σ′s and δ′s evaluated in bv′)akcαu′ ,βv′ ∈ nil(R),
(3.2)
whence, auσ
αu(b0)ak ∈ nil(R). Since u + v = k and v = 0, then u = k, so akσ
αk(b0)ak ∈
nil(R), from which akσ
αk(b0) ∈ nil(R) and hence akb0 = 0 by Lemma 3.9. Therefore, we now
have to study the expression (3.1) for 0 ≤ u ≤ k − 1 and u+ v = k. If we multiply (3.2) on






αu′ (σ′s and δ′s evaluated in bv′)ak−1cαu′ ,βv′ ∈ nil(R).
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Using a similar reasoning as above, we can see that auσ
αu(b1)ak−1cαu,β1 ∈ nil(R). Since
the elements c’s are central and left invertible, auσ
αu(b1)ak−1 ∈ nil(R), and using the fact
u = k − 1, we have ak−1σ
αk−1(b1) ∈ nil(R), from which ak−1b1 ∈ nil(R). Continuing in this
way we prove that aibj ∈ nil(R), for i + j = k. Therefore aibj ∈ nil(R), for 0 ≤ i ≤ m and
0 ≤ j ≤ t.
Corollary 3.11. If A is a σ-PBW extension of R, then every Σ-rigid ring is skew Π-
Armendariz.
Proof. From [25], p. 182, we know that Σ-rigid rings are reduced, so reversible. Now, by
[32], Proposition 3.3, Σ-rigid rings are (Σ,∆)-compatible rings. The assertion follows from
Theorem 3.10.
Remark 3.12. In [34], Theorem 3.6, under the same conditions in Theorem 3.10, the author
proved that R is a (Σ,∆)-skew McCoy ring (see [34] for the definition of these rings). This
fact shows the importance of assuming both conditions ((Σ,∆)-compatibility and reversibil-
ity) on R. Now, having in mind the results obtained in this paper (Propositions 3.3 and 3.5,
and Corollary 3.11), it is interesting to investigate the properties of Baer, quasi-Baer, p.p.
and p.q.-Baer, considering the notion of skew Π-Armendariz with the aim of extending the
theory developed in [25], [21], [28] and [33].
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